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Abstract
In this paper, we introduce the concept of completely linear degeneracy for
quasilinear hyperbolic systems in several space variables, and then get an interesting
property for multidimensional hyperbolic conservation laws. Some examples and
applications are given at last.
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1 Introduction
For quasilinear hyperbolic systems in several space variables
∂u
∂t
+
m∑
j=1
Aj(u)
∂u
∂xj
= 0, (1.1)
where u = (u1, · · · , un)T is the unknown vector function of (t, x1, · · · , xm) and Aj(u) (j =
1, · · · , m) ia an n×n matrix with smooth elements ajkl(u) (k, l = 1, · · · , n). The concepts
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of linear degeneracy and genuine nonlinearity have been made in the following way (see
[16]). This is a straightforward generalization of the case of one space dimension (see
[13]). The i-th characteristic field of system (1.1) is linearly degenerate, if
∇λi(u, ξ) · ri(u, ξ) ≡ 0, ∀ u ∈ Ω, ∀ ξ ∈ Sm−1; (1.2)
while, it is genuinely nonlinear, if
∇λi(u, ξ) · ri(u, ξ) 6= 0, ∀ u ∈ Ω, ∀ ξ ∈ Sm−1, (1.3)
where ξ = (ξ1, · · · , ξm)T ∈ Sm−1, Sm−1 is the unit ball centered at the origin in Rm,
λ1 (u, ξ) , · · · , λn (u, ξ) are n real eigenvalues of A(u, ξ) and {ri (u, ξ)}ni=1 is a complete set
of right eigenvectors of A(u, ξ), in which A(u, ξ) =
∑m
j=1Aj(u)ξj. Here we assume that
A(u, ξ) has n real eigenvalues. However, as pointed out in [14], this generalization would
for instance exclude a single equation and a system of two equations being genuinely
nonlinear (see [14]) and thus is unsuitable.
In this paper, we investigate some basic properties enjoyed by quasilinear hyperbolic
systems in several space dimensions. We firstly introduce a concept of “completely lin-
ear degeneracy” for quasilinear hyperbolic system in several space dimensions and then
study some interesting properties enjoyed by multi-dimensional hyperbolic conservation
laws. In particular, we prove that the system of hyperbolic conservation laws with two
unknowns in several space dimensions must be linear if the system is completely linearly
degenerate. This gives a criterion on the linearity of this kind of system. Some examples
and applications are also given.
2 Completely linear degeneracy
We introduce
Definition 2.1 The i-th characteristic field of (1.1) is said to be completely linearly de-
generate, if it holds that
∇uλi(u, ξ) · ri(u, ξ) ≡ 0, ∀ u ∈ Ω, ∀ ξ ∈ Sm−1 (2.1)
2
and
∇urik(u, ξ) · ri(u, ξ) ≡ 0, ∀ u ∈ Ω, ∀ ξ ∈ Sm−1, ∀ k ∈ {1, 2, · · · , n}, (2.2)
where rik(u, ξ) stands for the k-th component of the vector ri(u, ξ).
We call system (1.1) completely linearly degenerate, if all characteristic fields are
completely linearly degenerate.
Remark 2.1 The quantities ∇uλi(u, ξ) · ri(u, ξ) and ∇urik(u, ξ) · ri(u, ξ) k ∈ {1, · · · , n}
are invariant under any invertible smooth transformation of unknowns.
3 An interesting property
In this section, we consider the following hyperbolic conservation laws with two unknows:
∂tu+∇x · f(u) = 0, u = (u, v)T ∈ R2, x ∈ Rn, (3.1)
where ∇x = {∂x1, · · · , ∂xn} and
f = (f1, · · · , fn) : R2 → (R2)n
is a nonlinear smooth mapping with fi : R
2 → R2 for i = 1, · · · , n.
Consider plane wave solutions
u(t, x) = w(t, x · ξ) for ξ ∈ Sn−1.
Then w(t, s) satisfies
∂tw+ (∇f(w) · ξ)∂sw = 0,
where ∇ = {∂w1, ∂w2}.
Assume that system (3.1) is hyperbolic in a state domain Ω, that is to say, for every
state u ∈ Ω, (∇f(w) · ξ) has two real eigenvalues λ1(u, ξ), λ2(u, ξ) (λ1(u, ξ) = λ2(u, ξ)
is included) and a complete set of right eigenvectors r1(u, ξ), r2(u, ξ). For i = 1, 2 let
ri(u, ξ) = (ri1(u, ξ), ri2(u, ξ))
T be an eigenvector corresponding to λi(u, ξ), i.e.,
(∇f(u) · ξ)ri(u, ξ) = λi(u, ξ)ri(u, ξ) (3.2)
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and
det|rij(u, ξ)| 6= 0 (i, j = 1, 2). (3.3)
With the above preparations, we have
Theorem 3.1 The system of hyperbolic conservation laws (3.1) is completely linearly
degenerate in the sense of Definition 2.1 if and only if (3.1) is a linear system.
Proof. The necessity is obvious, so we prove the sufficiency only. Assume that system
(3.1) is completely linearly degenerate, i.e., for any state u ∈ Ω and ξ = (ξ1, · · · , ξn) ∈
Sn−1, ∇f(u, ξ) · ξ has two real eigenvalues λ1(u, ξ), λ2(u, ξ) and two corresponding right
eigenvectors r1(u, ξ), r2(u, ξ), which satisfy
det|rij(u, ξ)| 6= 0 (i, j = 1, 2). (3.4)
Specially, if we choose ξ = (0, · · · , 0, (i)1 , 0, · · · , 0) (i = 1, · · · , n), then it must hold that
∇fi(u) has two completely linearly degenerate characteristic fields. Since
∇fi(u) =

 (fi1)u (fi1)v
(fi2)u (fi2)v

 . (3.5)
For convenience, denote
(fi1)u = a(u, v), (fi1)v = b(u, v), (fi2)u = c(u, v) and (fi2)v = d(u, v),
then it holds that
av(u, v) = bu(u, v) and cv(u, v) = du(u, v). (3.6)
By a direct calculation, we have
λ1(u, v) =
a+ d+
√
(a− d)2 + 4bc
2
and λ2(u, v) =
a + d−√(a− d)2 + 4bc
2
. (3.7)
Next, we prove the theorem by dividing the following four cases, suppose that in a
neighborhood of some state (u, v) ∈ Ω
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Case I. (a− d)2 + 4bc > 0, b 6= 0 and c 6= 0.
Choose the corresponding right eigenvectors as
r1(u, v) = (b, λ1(u, v)− a)T and r2(u, v) = (b, λ2(u, v)− a)T . (3.8)
Then, by Definition 2.1, it holds that
∇λ1(u, v) · r1(u, v) ≡ 0, ∇b(u, v) · r1(u, v) ≡ 0 and ∇ (λ1(u, v)− a(u, v)) · r1(u, v) ≡ 0
(3.9)
and
∇λ2(u, v) · r2(u, v) ≡ 0, ∇b(u, v) · r2(u, v) ≡ 0 and ∇ (λ2(u, v)− a(u, v)) · r2(u, v) ≡ 0.
(3.10)
By (3.9) and (3.10), we have
∇a(u, v) · r1(u, v) = 0 and ∇a(u, v) · r2(u, v) = 0 (3.11)
and
∇b(u, v) · r1(u, v) = 0 and ∇b(u, v) · r2(u, v) = 0. (3.12)
Since
det |r1(u, v), r2(u, v)| 6= 0, ∀ (u, v) ∈ Ω,
by (3.11) and (3.12), it holds that
∇a(u, v) ≡ 0 and ∇b(u, v) ≡ 0, (3.13)
i.e., a = const. and b = const..
On the other hand, if we choose
r˜1(u, v) = (λ2(u, v)− d(u, v), c(u, v))T , r˜2(u, v) = (λ2(u, v)− d(u, v), c(u, v))T ,
by Definition 2.1, it must hold that
∇c(u, v) ≡ 0 and ∇d(u, v) ≡ 0, (3.14)
i.e., c = const. and d = const..
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Case II. (a− d)2 + 4bc > 0, b ≡ 0 and c 6= 0.
By a direct calculation, the eigenvalues are
λ1(u, v) = a(u, v) and λ2(u, v) = d(u, v) (3.15)
and the corresponding right eigenvectors can be chosen as
r1(u, v) = (a(u, v)− d(u, v), c(u, v))T and r2(u, v) = (0, 1)T . (3.16)
Then by Definition 2.1, it holds that
∇a(u, v) · r1(u, v) = 0, ∇c(u, v) · r1(u, v) = 0, ∇ (a(u, v)− d(u, v)) · r1(u, v) = 0 (3.17)
and
∇d(u, v) · r2(u, v) = 0. (3.18)
By (3.17) and (3.18), we have
∇d(u, v) · r1(u, v) = 0 and ∇d(u, v) · r2(u, v) = 0 (3.19)
and 

au(a− d) + avc = 0
cu(a− d) + cvc = 0
(3.20)
By (3.19), we have
d = const. (3.21)
By (3.6) and (3.20), it holds that
av = 0 and cv = 0. (3.22)
By the assumption that a− d 6= 0, we have by (3.20)
au = 0 and cu = 0. (3.23)
(3.22) and (3.23) imply that a = const. and c = const..
Case III. a(u, v)− d(u, v) 6= 0 and b(u, v) = c(u, v) ≡ 0.
The eigenvalues are
λ1(u, v) = a(u, v) and λ2(u, v) = d(u, v)
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respectively and the corresponding right eigenvectors can be chosen as
r1 = (1, 0)
T and r2 = (0, 1)
T .
Then by Definition 2.1, it holds that
au = 0 and dv = 0. (3.24)
By (3.6), we have
av = 0 and du = 0. (3.25)
Thus, a = const. and d = const. hold.
Case IV. (a− d)2 + 4bc = 0. i.e., a(u, v) = d(u, v) and b(u,v)c(u,v)=0.
By a direct calculation, the eigenvalues are
λ1(u, v) = λ2(u, v) =
a(u, v) + d(u, v)
2
.
By the hyperbolicity of system (3.1), it must hold b(u, v) = c(u, v) ≡ 0. Then, by Case
III, a = d = const. holds.
By the continuity of a, b, c and d, we can extend the neighborhood of the state (u, v)
to the whole state space Ω. Thus, the theorem is proved.
Remark 3.1 For the case that at some isolated states (u, v), b = 0 or c = 0 but at other
states b 6= 0 and c 6= 0, one can refer to Case I.
Corollary 3.1 The solution of the Cauchy problem of multi-dimensional hyperbolic con-
servation laws with two unknowns exists globally if it is completely linearly degenerate in
the sense of Definition 2.1.
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4 Examples and applications
4.1 System of gas dynamics
Now let us consider the system of gas dynamics in two space dimensions:
∂ρ
∂t
+ ∂(ρu)
∂x
+ ∂(ρv)
∂y
= 0,
∂(ρu)
∂t
+
∂(ρu2+p)
∂x
+ ∂(ρuv)
∂y
= 0,
∂(ρv)
∂t
+ ∂(ρuv)
∂x
+
∂(ρv2+p)
∂y
= 0,
∂(ρ/2(u2+v2)+ρe)
∂t
+
∂[(ρ/2(u2+v2)+ρe+p)u]
∂x
+
∂[(ρ/2(u2+v2)+ρe+p)v]
∂y
= 0.
(4.1)
For classical solutions, it is equivalent to
∂ρ
∂t
+ ∂(ρu)
∂x
+ ∂(ρv)
∂y
= 0,
∂u
∂t
+ u∂u
∂x
+ v ∂u
∂y
+ 1
ρ
∂p
∂x
= 0,
∂v
∂t
+ u ∂v
∂x
+ v ∂v
∂y
+ 1
ρ
∂p
∂y
= 0,
∂s
∂t
+ u ∂s
∂x
+ v ∂s
∂y
= 0.
(4.2)
We can easily calculate
λ1 = uξ1 + vξ2 −√pρ
√
ξ21 + ξ
2
2 ,
λ2 = λ3 = uξ1 + vξ2,
λ4 = uξ1 + vξ2 +
√
pρ
√
ξ21 + ξ
2
2 ,
∇λ1r1 = ∇λ4r4 6= 0,
∇λ2r2 = ∇λ3r3 ≡ 0.
Thus, λ1 and λ4 are genuinely nonlinear. For classical solutions, the system is also equiv-
alent to
∂ρ
∂t
+ ∂(ρu)
∂x
+ ∂(ρv)
∂y
= 0,
∂u
∂t
+ u∂u
∂x
+ v ∂u
∂y
+ 1
ρ
∂p
∂x
= 0,
∂v
∂t
+ u ∂v
∂x
+ v ∂v
∂y
+ 1
ρ
∂p
∂y
= 0,
∂p
∂t
+ u ∂p
∂x
+ v ∂p
∂y
+ ∂p
∂ρ
(
∂u
∂x
+ ∂v
∂y
)
= 0.
(4.3)
In this case
r2 = (1, 0, 0, 0), r3 = (0,−ξ2, ξ1, 0),
so λ2 = λ3 are completely linearly degenerate in the sense of Definition 2.1.
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4.2 Relativistic torus in the Minkowski space R1+n
The motion of relativistic torus in R1+n corresponds to the three-dimensional time-like
extremal submanifolds in R1+n and plays an important role in both mathematics and
physics, which is studied by Huang and Kong [9]. The equations governing the motion of
relativistic torus in the Minkowski space R1+n are
(|xα|2|xβ|2)xtt + 2(< xα, xβ >< xt, xβ > − < xt, xα > |xβ|2)xtα
+ ((|xt|2 − 1)|xα|2− < xt, xα >2) xββ + 2 (< xt, xα >< xα, xβ > − < xt, xβ > |xα|2)xtβ
+ ((|xt|2 − 1)|xβ|2− < xt, xβ >2)xαα
+2 (< xt, xα >< xt, xβ > −(|xt|2 − 1) < xα, xβ >)xαβ = 0,
(4.4)
where t, α, β are parameter coordinates and x = x(t, α, β) = (x1(t, α, β), · · · , xn(t, α, β)).
<,> denotes the inner product in Euclidean space.
Let
u = xt, v = xα, w = xβ (4.5)
and
U = (uT , vT , wT )T , (4.6)
where uT = (u1, · · · , un), vT = (v1, · · · , vn) and wT = (w1, · · · , wn). Then equation (4.4)
can be equivalently rewritten as
A0(U)
∂U
∂t
+ A1(U)
∂U
∂α
+B1(U)
∂U
∂β
= 0 (4.7)
for classical solutions, where
A0(U) =


−aI 0 0
0 I 0
0 0 I

 , A1(U) =


−2bI −eI 0
−I 0 0
0 0 0

 , B1(U) =


−2cI −2dI −pI
0 0 0
−I 0 0

 ,
(4.8)
in which
a =< v,w >2 −|v|2|w|2, b =< u, v > |w|2− < u,w >< v, w >,
d =< v,w > (|u|2 − 1)− < u, v >< u,w >, c =< u,w > |v|2− < u, v >< v, w >,
e =< u,w >2 −|w|2(|u|2 − 1), p =< u, v >2 −|v|2(|u|2 − 1)
(4.9)
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and I represents an n× n unit matrix. Since the submanifold is timelike, we have a < 0
and A0(U) is nonsingular, then we can rewrite equation (4.7) as
∂U
∂t
+ A(U)
∂U
∂α
+B(U)
∂U
∂β
= 0, (4.10)
where
A(U) =


2b
a
I e
a
I 0
−I 0 0
0 0 0

 , B(U) =


2c
a
I 2d
a
I p
a
I
0 0 0
−I 0 0

 . (4.11)
Set
M(U) = ξ1A(U) + ξ2B(U), (4.12)
where ξ := (ξ1, ξ2)
T is a unit vector. By calculations, the eigenvalues of M(U) read
λ1 ≡ · · · ≡ λn ≡ λ−, λn+1 ≡ · · · ≡ λ2n ≡ λ+, λ2n+1 ≡ · · · ≡ λ3n ≡ 0, (4.13)
where
λ± =
bξ1 + cξ2 ±
√
Ξ
a
, (4.14)
in which
Ξ := (b2 − ae)ξ21 + 2(bc− ad)ξ1ξ2 + (c2 − ap)ξ22 . (4.15)
By a direct calculation, the right eigenvector corresponding to λi (i = 1, · · · , 3n) can
be chosen as
ri = (−λ−ei, ξ1ei, ξ2ei)T (i = 1, · · · , n), (4.16)
ri = (−λ+ei, ξ1ei, ξ2ei)T (i = n+ 1, · · · , 2n), (4.17)
ri = (0, ξ2pei,−(eξ1 + 2ξ2d)ei)T (i = 2n+ 1, · · · , 3n), (4.18)
where, ek = (0, · · · , 0,
(k)
1 , 0, · · · , 0) (k = 1, · · · , n).
By careful calculations, λi (i = 1, · · · , 2n) are completely linearly degenerate in the
sense of Definition 2.1 and λi (i = 2n + 1, · · · , 3n) are linearly degenerate in the sense of
P. D. Lax. For detailed computations, one can refer to [9]
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4.3 Lax system
In this section, we give an example (see [5]) which satisfies Definition 2.1.
Let f(u) be an analytic function of a single complex variable U = u+ iv. We impose
on the complex-valued function U = U(t, z), z = x + yi and the real variable t of the
following nonlinear PDE:
∂tU + ∂zf(U) = 0, (4.19)
where the bar denotes the complex conjugate and ∂z =
1
2
(∂x − i∂y). We may express this
equation in terms of the real and imaginary parts of U and 1
2
f(U) = a(u, v) + b(u, v)i.
Then (4.19) gives 

∂tu+ ∂xa(u, v) + ∂yb(u, v) = 0,
∂tv − ∂xb(u, v) + ∂ya(u, v) = 0.
(4.20)
By (4.20), Lax system is a hyperbolic conservation law. Thus, if system (4.20) is com-
pletely linearly degenerate in the sense of Definition 2.1, the solution of the Cauchy
problem (4.19) with arbitrarily initial data exists globally.
Remark 4.1 In our paper [10], we have proved that under the assumptions of linearly
degenerate in the sense of P. D. Lax, the life span of (4.19) depends on the flux function
f(U). In another paper [11], we derived a sharp blowup result under the assumptions that
the system is genuinely nonlinear in some direction in the sense of P. D. Lax. While, in
the sense of Definition 2.1, we give a sufficient condition to guarantee the global existence
of the Cauchy problem of (4.20).
4.4 Quasilinear hyperbolic system of conservation laws with ro-
tational invariance
Consider the following quasilinear hyperbolic system
∂u
∂t
+
m∑
i=1
∂
∂xi
(fi(|u|)u) = 0, (4.21)
with initial data
t = 0 : u(0, x) = u0(x),
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where u = (u1, . . . , un)
T , x = (x1, · · · , xm), fi ∈ C2 (R+,R) and m is an integer ≥ 1.
System (4.21) can be used to describe the propagation of waves in various situations in
mechanics (such as the reactive flows, magneto-hydrodynamics and elasticity theory, etc.)
at least for the case that m = 1 ([1], [7], [12], [15]). It is no longer strictly hyperbolic, and
possesses the eigenvalues with constant multiplicity even for the case that m = 1. When
m = 1 and n = 2, system (4.21) was first studied by [12] and [15]. Freistu¨hler [7]-[8]
considered the Riemann problem and the Cauchy problem for system (4.21) with m = 1
and n ≥ 1. When m > 1 and n > 1, system (4.21) was studied by Bressan [3]
Rewrite (4.21) as
∂u
∂t
+
m∑
i=1
Ai(u)
∂u
∂xi
= 0, (4.22)
where
Ai(u) =


fi(r) +
f ′
i
(r)
r
u21
f ′
i
(r)
r
u1u2 · · · f
′
i
(r)
r
u1un
f ′
i
(r)
r
u1u2 fi(r) +
f ′
i
(r)
r
u22 · · · f
′
i
(r)
r
u2un
...
...
. . .
...
f ′
i
(r)
r
u1un
f ′
i
(r)
r
u2un · · · fi(r) + f
′
i
(r)
r
u2n


, (4.23)
in which r = |u| > 0.
In what follows, we consider the case that r > 0. Let
u = rs, (4.24)
where r = |u|, s = (s1, · · · , sn)T ∈ Sn−1. Then system (4.21) can be rewritten as
∂s
∂t
+
m∑
i=1
fi(r)
∂s
∂xi
= 0, (4.25)
∂r
∂t
+
m∑
i=1
∂
∂xi
(rfi(r)) = 0. (4.26)
It is easy to check that system (4.21) is equivalent to system (4.25)-(4.26) at least for
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classical solutions. Moreover,
A(u, ξ) =


∑m
j=1 fj(r)ξj 0 0 · · · 0 0
0
∑m
j=1 fj(r)ξj 0 · · · 0 0
...
...
...
. . .
...
...
0 0 0 · · · ∑mj=1 fj(r)ξj 0
0 0 0 · · · 0 ∑mj=1(rfj(r))′ξj


.
Obviously, λ(u, ξ)
△
=
∑m
j=1 fj(r)ξj is an eigenvalue of A(u, ξ) with constant multiplic-
ity n be completely linearly degenerate in the sense of Definition 2.1; while µ(u, ξ)
△
=∑m
j=1(rfj(r))
′ξj is genuinely nonlinear provided that for all r > 0,
∑m
j=1 |(rfj(r))′′| > 0.
Consider the Cauchy problem (4.25) and (4.26) with the following initial data
t = 0 : r = |u0(x)|, s = u0(x)|u0(x)| . (4.27)
Then the following theorem holds obviously
Theorem 4.1 If the scalar conservation law (4.26) with initial data (4.27) admits a
unique global C1 solution r = r(t, x) on t ≥ 0, then the solution of the Cauchy problem of
(4.21) admits a unique global C1 solution.
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